Abstract Micro milling, as a versatile micro machining process, is kinematically similar to conventional milling; however, it is significantly different from conventional milling with respect to chip formation mechanisms and uncut chip thickness modelling, due to the comparable size of the edge radius to the chip thickness, and the small per-tooth feeding. Considering tool runout and dynamic displacement between the tool and the workpiece, the contour of the workpiece left by previous tool paths is typically in a wavy form, and the wavy surface provides a feedback mechanism to cutting force generation because the instantaneous uncut chip thickness changes with both the vibration during the current tool path and the surface left by the previous tool paths. In this study, a more accurate uncut chip thickness model was established including the precise trochoidal trajectory of the cutting edge, tool runout and dynamic modulation caused by the machine tool system vibration. The dynamic regenerative effect is taken into account by considering the influence of all the previous cutting trajectories using numerical iteration; thus, the multiple time delays (MTD) are considered in this model. It is found that transient separation of the tool-workpiece occurring at a low feed per tooth, caused by MTD and the existing cutting force models, is no longer applicable when transient tool-workpiece separation occurs. Based on the proposed uncut chip thickness model, an improved cutting force model of micro milling is developed by full consideration of the ploughing effect and elastic recovery of the workpiece material. The proposed cutting force model is verified by micro end milling experiments, and the results show that the proposed model is capable of producing more accurate cutting force prediction than other existing models, particularly at small feed per tooth.
Introduction
The increasing demand on micro and miniature parts, components and systems has led to the development of micro manufacturing technology. It is well-recognized that micro manufacturing has been a key enabling technology in industries producing useful micro components and products [1] . Micro milling is recognized as a versatile process and has found its application in processing various materials due to its wide material machining ability, high processing efficiency, low cost and low environmental requirements [2] [3] [4] [5] [6] .
Due to their small diameter, typically between 0.1 and 1 mm, micro cutters have much lower stiffness but experience much higher stress variation on the tiny shaft compared with conventional tools; hence, micro cutters are prone to tool wear and breakage. A well-developed cutting force model with precise force prediction can assist operators in choosing the optimal cutting parameters; furthermore, the predicted toolworkpiece dynamic displacement can be used for tool path adjustment in order to increase the accuracy of machined parts and reduce tool breakage [7] [8] [9] . Therefore, developing an accurate cutting force model becomes imperative for micro milling process.
As aforementioned, micro milling requires micro tools and hence high rotational speeds to achieve even modest machining rates. The rotational speeds in micro milling are always higher than 5000 rpm and even up to 300,000 rpm. Therefore, tool manufacturing errors and tool alignment errors become relatively large compared to the associated chip load. The dynamic tool runout can be considered as the total figure for these errors. Different from conventional milling, the tool runout to tool diameter ratio cannot be neglected in micro milling; thus, it has significant influence on the machining process [10] . The tool runout makes the cutting force variation increase significantly, resulting in severe tool wear and even breakage. Therefore, the tool runout must be carefully considered in micro milling force modelling. In addition, the machine tool system vibration will change the cutter edge location and leave a wavy surface. The wavy surface in turn provides a feedback mechanism to cutting forces because the instantaneous uncut chip thickness depends on both the vibration during the current tool path and the surface left by the previous tool paths, which form multiple time delays (MTD).
Numerous researches have been carried out on micro milling force modelling. An analytical expression for the chip thickness of micro end milling considering the tool runout was first studied by Bao and Tansel [11] . Li et al. [12] proposed an instantaneous uncut chip thickness algorithm for micro milling operation by considering the combination of an exact trochoidal trajectory of the tool tip and the tool runout. Different from conventional cutting, in micro milling, the cutting tool edge radius has an important influence on the cutting mechanism; therefore, Kang et al. [13] established a cutting force model considering the edge radius of micro cutting tools, in which the ploughing effect at the tool edge and the sliding on the flank face were modelled. Gye et al. [14] obtained the deformation of the micro tool based on the cutting force predicted; however, the influence of the deformation of the micro tool on the cutting force was not studied. Wang et al. [15] proposed a micro milling cutting force model considering the minimum chip thickness effect, cutter deflection and spindle runout. Based on the proposed cutting force model, a method to determine the optimal micro milling parameters was developed. Lee et al. [16] proposed a mechanistic cutting force model considering the minimum chip thickness effect. Another mechanistic model for the micro end milling process was developed by Vogler et al. [17] to address the high frequencies in the cutting force signal caused by the multiple phases in the material. Jin and Altintas [18] presented a slip-line field model using a finite element model, in which the stress variation in the material deformation region due to the tool edge radius effect was considered. Kumanchik et al. [19] developed an analytical formula for the uncut chip thickness by considering the trochoidal tool path, runout and uneven tooth spacing. Schmitz et al. [20] investigated the effect of milling cutter teeth runout on surface topography, surface location error and stability in end milling. Relationships between runout, surface finish, stability and surface location error were obtained via simulation. Li et al. [21] proposed a generic instantaneous uncut chip thickness model, in which all passing teeth cutting trajectories in 1 cycle were considered. Zhang et al. [22] proposed a cutting force model for micro milling which includes an algorithm for the calculation of the variable entry and exit angles caused by tool runout and tool deflection.
In the previous studies, the uncut chip thickness was always obtained from the current and the immediately preceding passing tool path, forming a continuous cutting thickness, and the influence of the workpiece material removed by other previous tool paths was neglected. Actually, the uncut chip thickness is determined by the maximum contour formed by all the previous cutting trajectories and the current cutting trajectory. When fully considering the combination of the exact trochoidal trajectory of the tool tip, tool runout and machining system dynamics, the milling process becomes highly intermittent, especially when the magnitude of the tool runout and dynamic vibration is comparable to the feed rate. Cutting edges may not be in contact with the workpiece for some time during one tool passing period, i.e. transient tool-workpiece separation. The chip generated by one cutting tooth is intermittent even in one tool edge passing period. Figure 1 shows the schematic of micro milling process considering the abovementioned factors. The wavy surface left behind by the previous tool edge trajectories is being removed by the current trajectory. It can be noted that the maximum contour is affected by the several previous tool edge trajectories, rather than merely the immediately preceding cutting trajectory. As shown in Fig. 1 , transient tool-workpiece separation occurs in some areas and the overlap between the current cutting trajectory and the several previous trajectories forms the instantaneous uncut chip thickness. However, in previous studies, only the immediately preceding tool edge trajectory is considered, and the transient tool-workpiece separation is ignored by assuming that each tooth is in contact with the workpiece over a constant time interval and that the workpiece is always engaged by the cutter. In addition, the tool trajectory is recognized as trochoidal trajectory; thus, the feed rate effect on the time delay is also ignored.
In this paper, a comprehensive uncut chip thickness model considering both the tool runout and the machining system dynamics is proposed by using the cutting edge trajectory iteration. The actual uncut chip thickness formed by the resultant periodicity of the tool can be obtained at specified cutting angles. The uncut chip thickness becomes much complex when considering the tool runout, the dynamic performance of the cutting system and the transient separation of toolworkpiece discussed above. It may not be possible to derive an analytical solution of the instantaneous uncut chip thickness. Thus, a numerical iterative algorithm was developed to calculate the instantaneous uncut chip thickness, in which all of the previous cutting trajectories involved in the formation of the instantaneous chip thickness are considered. Therefore, this model is expected to be more accurate compared to the existing models, especially when the feed rate is comparable to tool runout and dynamic vibration magnitude. Based on the uncut chip thickness model, an improved cutting force model is established considering the effects of ploughing and elastic recovery of the workpiece material. Finally, micro milling experiments were conducted to validate the model. 2 The influence of the machine tool system dynamic performance on the cutting force As shown in Fig. 2 , a typical cutting force model includes various input parameters, namely, cutting parameters, tool geometry parameters and machine system parameters. Most of the existing cutting force models calculate the instantaneous uncut chip thickness entirely based on these input parameters and given entrance and exit angles. Cutting coefficients are determined by either mechanistic or numerical methods. Then, cutting forces can be determined in this non-iterative approach. However, the real situation of cutting force generation in micro milling is an iterative process. The cutting force generation can be described as a feedback system: The micro cutter removes a certain volume of the workpiece material and generates cutting force, while the cutting force acts on the machining system (both the cutter and the workpiece), which causes the deformation of the cutter and workpiece and forms a feedback to the instantaneous uncut chip thickness. Considering the low stiffness of the micro machining system, the deformation between the tool and workpiece caused by the cutting force generated in the machining process is not negligible.
In order to establish the dynamic model of the micro machine tool system, the structural loop of the machine tool is divided into a cutter-machine loop and a workpiece-machine loop, and each loop can be simplified as two single-degree-offreedom systems in x (feed direction) and y (cross-feed direction), respectively, as shown in Figs. 1 and 3. The equations of motion are as follows:
where m xt , c xt and k xt , and m xw , c xw and k xw are the mass, damping and stiffness of the cutter-machine loop and the workpiece-machine loop in the x direction, respectively; m yt , c yt and k yt , and m yw , c yw and k yw are the mass, damping and stiffness of the cutter-machine loop and the workpiecemachine loop in the y direction, respectively, and F x (t) and F y (t) are the instantaneous cutting force in the x and y directions, respectively. x t ; xṫ and € x t and y t ; ẏt and € y t are the positions, velocities and accelerations of the cutter in the x and y directions; x w ; xẇ and € x w and y w ; ẏw and € y w are the positions, velocities and accelerations of the workpiece in the x and y directions. Rewriting Eq. (1), the expressions for the accelerations in the x and y directions in the current time step can be given as
where the velocities, ẋand y, and positions, x and y, from the previous time step are used to calculate the acceleration at the current time step. The new velocities and positions at the current time step are then determined by numerical integration:
where the velocities and the displacement on the right-hand side of the equation in Eqs. (3) and (4) are retained from the previous time step. The new velocities are then used to determine the new displacements in Eq. (4) . dt is the time interval set by the program. The relative dynamic displacement between the tool and workpiece in the x and y directions can be given as
Calculation of uncut chip thickness
In micro end milling, a comprehensive methodology to calculate the uncut chip thickness is required to include the influences of both the process parameters and the dynamic vibration between the tool and workpiece during the machining process.
The tool tip trajectories of the end milling operations are illustrated in Fig. 4a respectively, where K is the number of tool flute. By combining the effect of the tool runout and the dynamic vibration, the trajectory of the tool center, (x s,t , y s,t ), can be given as
where f is the feed rate of the workpiece (mm/s), r 0 is the magnitude of the tool runout (mm), γ is the runout angle (rad) and ω is the spindle rotational speed (rad/s). Hence, the trajectory of the K th tool tip can be given as
where r is the tool radius (mm), and k = 0, 1, 2,..., K − 1 (x k,t , y k,t ) denotes the coordinate of the K th tool tip at time t with the position angle θ = ωt.
Equation (6) can be rewritten as
The line connecting (x k , t , y k , t ) and its corresponding tool center (x s , t , y s , t ) is denoted as line l. The (K−1) th tool tip trajectory can be obtained from Eq. The equation of line l can be expressed by
Equation (8) also can be rewritten as
Combined with Eq. (5), Eq. (9) can be written as
Using the condition that the point (x k − i , ts , y k − i , ts ) is on the line l, thus, its coordinates can be solved by Eqs. (7) and (10) .
In order to find the coordinate of the point on the outline corresponding with the coordinate (x k , t , y k , t ) generated, the K th tool tip is denoted as (x k − i , ts , y k − i , ts ). Then, the outline generated by the previous (K−i) tool tips can be written as
From Fig. 4b , it can be noted that when Thus, the instantaneous uncut chip thickness can be calculated as
ð12Þ Figure 5 shows a flow chart for determination of uncut chip thickness h(t,k) with respect to a specific time t and tool flute, k.
Cutting force model In the micro end milling process, the cutting edge radius is comparable to the feed per tooth. Typically, three types of material removal mechanisms take place in one tool edge engagement cycle [23] , as shown in Fig. 6 . Type 1: Elastic deformation When the uncut chip thickness is smaller than a certain critical value h c , only elastic deformation occurs in the workpiece. The deformed material fully recovers to its original position, and as a result, no chip is formed.
Type 2: Elastic-plastic deformation As the uncut chip thickness increases close to h ce , the elastic-plastic deformation occurs in the workpiece. There is a constant percentage of the material undergoing plastic deformation, and the rest of the material has elastic recovery as the tool passes. Type 3: Plastic deformation As the uncut chip thickness increases to minimum chip thickness, denoted as h c , the workpiece material is removed by the cutter as a chip, and the elastic recovery becomes very small and negligible. Thus, in micro end milling, all of the three types of material removal mechanisms may occur in a single path of each flute. The region of type 2 is very small; thus, this region can be ignored in the cutting force modelling.
In milling operations, tangential (dF t ), radial (dF r ) and axial (dF a ) forces, acting on a differential flute element with height dz, can be modelled as [22] 
where K rc , K tc and K ac are the radial, tangential and axial cutting coefficients, respectively, and K re , K te and K ae are the radial, tangential and axial edge coefficients, respectively; K rp , K tp and K ap are the radial, tangential and axial ploughing coefficients in the ploughing-dominant regime; A p is the ploughed area and h c is the minimum chip thickness. Considering the small depth of cut, the cutter is approximated as straight tooth. This means the helix angle β is set to 0. The resulting force has to be integrated over z (with a constant immersion angle θ). Three-dimensional cutting forces, dF x , dF y and dF z , can be expressed as
The total cutting forces during micro milling process can be expressed as
Since cutting forces in the axial direction are much smaller compared to those in the planar directions, only the forces in the x and y directions are considered in this study.
Model verification 4.1 Experimental setup
The machining experiments were performed on a three-axis precision milling machine tool (NANOWAVE MTS5R). The machine tool is equipped with three precision linear stages which are driven by DC servo motors with the smallest feed of 0.1 μm and a high-speed spindle which can work from 5000 to 80,000 rpm. A typical experimental setup is presented in Fig. 7 . A three-component piezoelectric dynamometer (Kistler 9256C2) is mounted on the X-Z stages to measure feed and cross-feed cutting forces. The workpiece is clamped on a fixture attached to the dynamometer. Two-flute micro flat end mills with a diameter of 1 mm and cutting edge radius of 2 μm were used in slot milling with Al 6061. In order to verify the proposed model, a wide range of feed per tooth was used in the experiments. Three sets of micro milling experiments, using 25, 5 and 1 μm/tooth, were performed. A spindle speed of 6000 rpm and an axial depth of cut of 10 μm were used for all three sets of experiments. Considering the small depth of cut, the cutter is approximated as straight tooth and the F z can be neglected.
Identification of tool runout and machine tool dynamic characteristics
In this experiment, a capacitive displacement sensor (Micro-Epsilon, CS005) was used to realize the real-time runout measurements of the micro tool. Figure 8a illustrates the measurement setup for dynamic runout measurement, and the sensor probe was mounted at a distance from the shaft of the cutter, which allows the shaft in both directions to stay within the functional range of probe. After that, the cutter runout is tested with a rotational speed of 6000 pm. Figure 8b shows the magnitude of the tool runout and the related runout angle; the offset distance r 0 is 1 μm, and the runout angle is 120°.
The proposed model requires the dynamic parameters of the machine system, i.e. the cut-machine loop and the workpiece-machine loop, as illustrated in Fig. 3 . It is difficult to obtain the dynamic parameters of the micro milling machining system due to the small diameter of the cutting tool. Therefore, the finite element simulation method is used to obtain the dynamic parameters of the machine system (shown in Table 1 ); the key input parameters of the machine tool components, such as bearing stiffness, material properties and damping coefficients, are extracted from relevant data sheet or determined from dynamic tests.
Results and discussion
In this section, the accuracy of the proposed cutting force model is evaluated, and the differences between the proposed and the conventional cutting force models without considering tool runout and the dynamic effects are compared under different machining parameters. In the conventional cutting force model without considering the size effect, the instantaneous uncut chip thickness can be obtained by
In the first set of experiment, a 1-mm diameter end mill was used with 25-μm feed per tooth. Figure 9a shows the trajectories of the tool cutter. It can be found that with a large feed per tooth, the tool edge trajectories are similar to those in conventional milling. Figure 9b shows the uncut chip thickness predicted by both the proposed method and the conventional method without considering tool runout and vibration, with only small discrepancy observed. Cutting forces in the x and y directions from the proposed model, conventional model and experiments are plotted in Fig. 9c, d , respectively. It can be found that with a large feed per tooth, cutting force predictions from both models agree well with those measured in the experiments.
In the second set of experiments, the 1-mm diameter cutter tool with 5-μm feed per tooth is used. Figure 10a shows the trajectories of the tool cutters. It can be found that the current cutting path only has intersection points with the immediately preceding cutting trajectory, which means that the chip thickness is only determined by the current and immediately preceding cutting trajectory. Figure 10b shows that the chip thickness is continuous in one tooth cutting period, and the runout effect can be noted clearly as the chip thickness in one cutting tooth is larger than the other. The fluctuation of the cutting thickness is caused by the vibration of the machine tool system. A transient separation region of tool-workpiece can be found in 1 revolution (circled in Fig. 10b ). In this region, the cutting force drops to 0, while the cutting force predicted by the conventional method is still a continuous sine wave. Due to the machining dynamics not being considered, the maximum cutting forces predicted from the conventional model (0.14 and 0.19 N in the x and y directions, respectively) are smaller than those measured in the experiments, while the cutting force prediction from the proposed method agrees well with the experimental results (Fig. 10c, d ). In the last set of the experiments, the 1-mm diameter cutter with 1-μm feed per tooth was used. Figure 11a shows the trajectories of the cutter; it can be found that there are several intersection points between the current and the previous cutting trajectories due to tool runout and the machining system vibration. As a result of this phenomenon, the uncut chip thickness in a tooth cutting trajectory is discontinuous as shown in Fig. 11b . The uncut chip thickness drops to 0 several times (circled in Fig. 11b) , which means that the tool and workpiece separate in these time intervals and no material is removed, while in the conventional uncut chip thickness model, as shown in the dot dash line, the uncut chip thickness is continuous in a tooth cutting trajectory. The cutting forces in the x and y directions obtained by the proposed method, the conventional method and the experiments are shown in Fig. 11c, d . From the simulation results obtained by the proposed method, it can be noted that the first tooth cut more material than the second tooth, which is caused by the tool runout, and the cutting forces drop to 0 when the material in the current tool trajectory has been already removed by the previous cutting trajectories. The cutting force profile predicted by the conventional method is a continuous sine wave. Same as the second experiment, the experimental results show that cutting forces fluctuate several times in 1 revolution, and the maximum cutting forces in the x and y directions are significantly larger than those predicted from the conventional method. The proposed model can realize tool runout and machining dynamics, capture the transient separation of tool-workpiece phenomenon and hence provide more accurate cutting force prediction (Fig. 11c, d) .
In order to further verify the effectiveness of the proposed model, the cutting force components have been analysed in the frequency domain via a FFT analysis. Figure 12 shows the FFT analysis of the cutting force in the x and y directions obtained by conventional method, proposed method and the experiment, respectively. It can be found that in the frequency domain, the conventional method can only capture the tooth passing frequency which is twice the spindle rotational frequency while the proposed method can capture the runout frequency, tooth passing frequency and dynamic frequencies, which is in good agreement with the experimental results. It is also noted that in the y direction, the runout plays a more dominant role in the cutting force, which means that the runout value is larger than the feed per tooth in this direction. Table 2 summarizes the results of using the 1-mm tool with 1-μm feed per tooth from the conventional method, proposed method and the experiment. It should be noted that for the 1-μm feed per tooth, the cutting forces are difficult to predict due to the irregular changing of the instantaneous cutting thickness, and the predicted values show relatively large errors. However, the proposed method provides less errors compared with the conventional method, i.e. reducing the cutting force prediction errors from approx. 70 to 35%. In addition, the proposed method provides excellent results in the frequency domain prediction. In this paper, an improved uncut chip thickness model has been developed by considering tool runout and the machine tool system vibration. A numerical iterative algorithm based on accurate calculation of the wavy form surface contour left by all previous cutting trajectories and its interaction with the current cutting trajectory is established to determine instantaneous uncut chip thickness. A precise cutting force model has been formulated based on the proposed uncut chip thickness model. Simulations using the proposed model and conventional model were carried out using three levels of feed per tooth (1, 5 and 25 μm/tooth), and the results were compared with micro milling experiments. The following conclusions can be drawn:
& The tool runout and machine tool vibration result in the fluctuation of the dynamic cutting forces which were observed by the simulation using the proposed model and the micro milling experiments. & Transient separation of tool-workpiece in one tooth passing period at a small feed rate (1 and 5 μm/tooth) was observed in the simulation using the proposed model, and this phenomenon results in more fluctuations of the dynamic cutting forces as validated by the experiments. & The proposed cutting force model has been verified by the micro milling experiments over a wide range of feed rate, and the results show that the proposed model provides more accurate cutting force prediction than the conventional model in terms of the magnitude and frequency components, particularly at a small feed per tooth.
